We study the restrictions imposed by cancellation of the tadpoles for two, three, and four-form gauge fields in string theory, M-theory and F-theory compactified to two, three and four dimensions, respectively. For a large class of supersymmetric vacua, turning on a sufficient number of strings, membranes and three-branes, respectively, can cancel the tadpoles, and preserve supersymmetry. However, there are cases where the tadpole cannot be removed in this way, either because the tadpole is fractional, or because of its sign. For M-theory and F-theory compactifications, we also explore the relation of the membranes and three-branes to the nonperturbative space-time superpotential.
Introduction
String theory compactifications below four dimensions have not been explored very thoroughly. This is partly because compactifications below four dimensions do not at first sight appear relevant to the observed four-dimensional universe. However, the picture has changed with recent developments [1] that show that certain four-dimensional compactifications of F-theory are related to Type IIA and M-theory compactifications below four dimensions. Compactifications below four dimensions may also be relevant to certain four-dimensional questions such as the vanishing of the cosmological constant [2] .
Finally, given that the string world-sheet is itself two-dimensional, one naturally expects that some new interesting phenomena should occur upon compactification of string theory to two dimensions, or likewise of M-theory to three dimensions, or of F-theory to four dimensions.
In this paper, we begin to explore some aspects of these compactifications. In testing one of the predictions of string-string duality, it was shown in [3] that there is a one-loop interaction in Type IIA superstring theory of the form, δS = − B ∧ X 8 (R), (1.1) where B is the NS-NS two-form of Type IIA which couples to the string, and X 8 (R) is an eight-form constructed as a quartic polynomial in the curvature. In particular, this implies that compactification on an eight-dimensional manifold N with
results in a one-point function for the B field of the effective two-dimensional theory, destabilizing the vacuum. Given the relation between M-theory and Type IIA, this implies [4] that there is a similar term in the effective action of M-theory where B is replaced by the three-form C which couples to the membrane. The role of this term in M-theory has been discussed recently [7] . Similarly, given the relation between F-theory compactifications and M-theory [1] , it follows that there is a similar term in the effective action of F-theory where C is replaced by A, the four-form potential which couples to the F-theory threebrane. Note that since three-branes are the only branes in Type IIB invariant under SL(2, Z), they play roughly the same role in F-theory that membranes play in M-theory, or strings in string theory [8, 9] .
To cancel the tadpoles present in these compactifications, we include in the vacuum I strings, membranes, and three-branes in Type IIA, M-theory, and F-theory, respectively, where I is defined in (1.2). The world-volumes of these strings, membranes, or threebranes are located at particular points on N , but stretch across the uncompactified space R n (where n = 2, 3, or 4 in the three cases), thus preserving the n-dimensional Poincaré invariance. Some examples of this kind have been considered recently in [10, 11] . There are two possible obstructions to canceling the tadpole in this way. One is that I may be fractional. Since branes only carry integer units of charge, there is no way to cancel the tadpole by including branes unless I is an integer. A more subtle obstruction is that I might be integral but negative. In this case, canceling the tadpole requires antibranes rather than branes. This does give a consistent tadpole-free vacuum, but without supersymmetry. The reason that anti-branes violate supersymmetry is that, first of all, compactification on the eight-manifold N only preserves supersymmetries that have a definite eight-dimensional chirality (to be precise, some but not all supersymmetries of the preferred chirality are preserved in compactification on N ). Likewise, inclusion of a brane or anti-brane that stretches across R n at a particular point in N preserves the supersymmetries of a definite eight-dimensional chirality. By definition, by "branes" we mean the objects that preserve the supersymmetries of the same chirality as those preserved in compactification on N ; inclusion of anti-branes in compactification on N therefore completely breaks the supersymmetry. To summarize, then, the tadpoles can be canceled in a supersymmetric fashion by inclusion of branes if and only if I is a positive integer.
For Type IIA compactifications on a Calabi-Yau four-manifold X, I is proportional to the topological Euler characteristic, χ, of N . To see this, note that in the computation performed in [3] , one ended up integrating the elliptic genus, defined by taking the odd spin structure for left-movers and the sum of all even spin structures for the right-movers, over the moduli space of elliptic curves. For compactifications with space-time supersymmetry, the sum over all even spin structures gives the same result as the odd spin structure. Thus, the net effect is to get a term proportional to the path integral with the odd spin structure for both left-and right-movers, which equals the world-sheet supersymmetric index Tr(−1) F for this theory; for geometrical vacua, this is given by the Euler characteristic χ of N . The proportionality constant was fixed in [3] , and is such that
In the following section, we derive some topological constraints on the values of χ/24
for compactifications on Calabi-Yau four-folds. We shall also explore some examples of Type IIA compactifications where χ is negative. The case of K3 × K3 is considered as an example of an F-theory compactification with N=2 supersymmetry requiring twentyfour branes, but also admitting a dual realization as an F-theory compactification on the product of a Calabi-Yau three-fold with a T 2 . We conclude in section three with a discussion of the relation of these branes to the non-perturbatively generated space-time superpotential. 
Topological Constraints
where h p,q denotes the dimension of the cohomology group H p,q (N ). This index is the twisted arithmetic genus, which can be expressed in terms of characteristic classes using the Atiyah-Singer index theorem:
where To complete the argument, we only have to consider the case p = 1. The index in this case is given by
The integrality of this index thus implies that χ is divisible by 6. In the remaining case with p = 2, the index, ; therefore, the obstruction to cancelling the tadpole is non-trivial, and takes values in Z 4 . It is easy to construct other examples of spaces with anomalies that cannot be canceled in a simple way by turning on branes.
The Elliptically-Fibered Case
A particular class of Calabi-Yau four-folds N is of special interest, namely, those admitting elliptic fibrations with a section. Saying that N admits an elliptic fibration means simply that there is a holomorphic projection π : N → B, whose generic fiber is an elliptic curve; here B is a complex three-fold, which except in rather special cases has c 1 at least generically positive. Such N 's can be used to compactify F-theory to four dimensions [1] . Equivalently, we can view such an F-theory compactification as a Type IIB compactification on B, with seven-branes, in which the modulus of the elliptic fibration describes the variation of the dilaton and axion fields along B. From that point of view, the class dual to 12c 1 (B) can be identified with the class where the 7-brane lives [12] . We can now attempt to rewrite I = χ/24 in terms of properties of B alone. This turns out to be possible if the elliptically fibered manifold over B is non-singular.
Before entering into a precise computation, let us note that I will vanish if c 1 (B) = 0.
Indeed, in that case, B is a Calabi-Yau three-fold, and the four-fold N is just N = B × on N that can be extended over W (and this includes all those that we will require) can be integrated over N by multiplying it by 3(α + 2c 1 ) and then integrating over W . Since we are in that sense planning to multiply by α + 2c 1 , the relation (2.7), in the cohomology ring of N , can be simplified to
Now we wish to compute the Euler characteristic of N , or equivalently its fourth Chern class. To do this we use the adjunction formula, which says that the total Chern class of the projective space bundle W is C · (1 + α)(1 + α + 2c 1 )(1 + α + 3c 1 ), while the total Chern class C of N is obtained by dividing this by (1 + 3α + 6c 1 ), and is therefore
The fourth Chern class of N , which we will call c 4 , is simply the quartic term in the expansion of (2.9). To compute it, we simply expand C, dropping terms such as c Integration over N can be accomplished by first integrating over the fibers of N → B, and then integrating over B. In the first step, one uses the fact that if F is a generic fiber, then Before leaving this subject, let us note that the existence of a formula of this sort reflects the fact that on a D-brane world-volume, gravitational and gauge fields induce lower D-brane charges [14, 15] . In particular, it was shown in [14, 15] that if a p-brane world-volume K has a non-zero first Pontryagin class p 1 , there is an induced p − 4-brane charge given by The difficulty in making this approach precise is that for any elliptic four-fold N of SU (4) holonomy, B has singularities (corresponding to points at which the fiber of N → B has a cusp, that is points at which a = b = 0 in (2.5)), and care is required to determine the contribution of these singularities to the three-brane charge. The approach we gave above, in which everything is referred to the P 2 bundle W , sidesteps such issues. 
Examples with χ < 0.
We have already given examples in which tadpole cancellation fails because I is not integral. We here wish to examine the other possible obstruction, which is that I might be negative.
Constructing examples of Calabi-Yau four-folds with χ < 0 is difficult, essentially because h 2,1 , which is the only non-vanishing Hodge number contributing to χ with a negative sign, is usually small in simple examples. We wonder whether some of the usual constructions of Calabi-Yau's as complete intersections in projective spaces or even in more general toric varieties may always give examples with χ > 0.
If one is willing to consider more general conformal field theories such as orbifolds with discrete torsion ( [16] ; see [17] for a recent discussion and geometrical interpretation of some examples), then it is not difficult, at least in the context of Type IIA compactification from ten to two dimensions, to find examples for which the number I of branes needed to cancel the tadpole is negative. These are thus superficially reasonable Type IIA compactifications in which supersymmetry is spoiled by the wrong sign of the tadpole. It is plausible that these examples also have analogs in M-theory and F-theory.
We will consider a simple example for illustration. This example has a non-zero h 2,0 , and so gives N = 4 supersymmetry in d = 2.
1
The example is a toroidal orbifold, the target space being T 8 /Z 2 ×Z 2 . We describe T The fixed point set consists of 4 4 points, which, without discrete torsion, would contribute
The shift of the (p, q) charges in a twisted sector is described in [18] . Because For this space, χ is −8(24), so we require 8 anti-branes to cancel the tadpole. Because χ is negative, this results in supersymmetry breaking.
F-Theory on K3 × K3
There are several ways to obtain N = 2 supersymmetry in four dimensions from F-theory. One possibility is F-theory compactification on the product of a Calabi-Yau three-fold C with a two-torus. If C is elliptically fibered over a base B, there are two apparently distinct (but equivalent under further compactification) versions of F-theory on C × T 2 : one can consider Type IIB on C itself or on B × T 2 . We will be interested in the latter case. Another N = 2 model in four dimensions is F-theory on K3 × K3 where one of the K3's is elliptic (the latter compactification has been considered in [19] ). It is natural to ask if the two theories can be dual to one another. We will now see that with a proper choice of three-fold C, this is indeed the case. In the analysis we will see that in this special case, the branes we have encountered in this paper are related to more familiar things, and we will get a check on the proportionality constant in the formula I = χ/24.
One starts from the duality of F-theory on K3 to heterotic strings on T 2 . By compactifying both sides on a K3 down to four dimensions, we get a duality between F-theory on K3 × K3 with heterotic strings on K3 × T 2 . We consider the case where we do not excite a gauge bundle over the K3 on the heterotic side, but cancel the heterotic world-sheet anomaly by turning on 24 five-branes (wrapped around T 2 ) [20] . The eight dimensional duality between F-theory and heterotic strings implies that we need to turn on 24 three-branes on the F-theory side. This is, of course, in agreement with the fact that for a K3 × K3 compactification, we have I = χ/24 = 24. On the other hand, we can look at K3 × T 2 compactification of the heterotic string in another way: we fiber the eight-dimensional duality between the heterotic string on T 2 and F-theory on K3, to obtain six-dimensional duality between heterotic strings on K3 and F-theory on a certain Calabi-Yau three-fold [12] . This duality can be extended to the case where the heterotic string has trivial gauge bundle (and 24 fivebranes) by an appropriate number of blowups on the F-theory side [21] .
A description of the resulting Calabi-Yau three-fold C, which has (h 11 , h 21 ) = (43, 43) has been given in [22] . We then compactify this further on a T 2 to four dimensions. On the heterotic side of course we have the same compactification as above; we have simply exchanged the 9-10 coordinate with 5-6 coordinate. On the F-theory side, this geometric symmetry of the heterotic string translates to a duality between F-theory on C × T
Non-Perturbative Superpotential
In this paper we have been analyzing compactifications of F-theory to four dimensions (or related compactifications of Type IIA superstring theory or M-theory to two or three dimensions) on a Calabi-Yau four-fold N . In the limit that N has large radius, this gives a four-dimensional vacuum with N = 1 supersymmetry. Many of these models, however, generate non-perturbative superpotentials -exponentially small in the large radius limit -because of instantons that arise from five-brane wrapping [23] . This occurs when the F -theory base B has a divisor Q with certain properties; it suffices to have H i,0 (Q) = 0, i = 1, 2, and H 0 (Q, N Q ) = 0, N Q being the normal bundle to Q in B. We wish in this concluding section to briefly consider a few issues involving the relation of these nonperturbative superpotentials to the branes that have been our main interest in this paper.
First of all, we note a rather surprising fact about the non-perturbative superpotentials. Given any F -theory base B that does not have a divisor that can generate a superpotential, we can create a complex manifold B ′ that does have such a divisor by blowing up a point P ∈ B; we simply let Q be the "exceptional divisor" created in the blow-up. If there is a Calabi-Yau four-fold N ′ over B ′ that can be used in F-theory compactification, then in compactification on N ′ there will be a non-perturbative superpotential.
Now, by analogy with what happens for F-theory compactification to six dimensions [12, 24] , one might expect that phase transitions, perhaps of an exotic nature, would occur between F-theory on N → B and F-theory on N ′ → B ′ . The superpotential, however, may be identically zero for F-theory on N , while it is definitely non-zero for F-theory on N ′ . Although there does not quite seem to be a contradiction in the fact that there is a superpotential in N ′ and none on N , we do find it challenging to try to reconcile this fact with the expectation that a physical transition from compactification on N to compactification on N ′ is possible.
We will not meet this challenge here, but point out one fact which must be part of the story. The number of branes in compactification on N ′ is not the same as that in compactification on N . In fact, if B ′ is obtained from B by blow-up of a point, then Presumably the interpretation is that a point P ∈ B can be blown up only if 120 branes simultaneously arrive at P and annihilate. There is no surprise per se in the fact that some parameters must be adjusted to make blow-up of a point in the base possible; this is also so in F-theory compactification to six dimensions [12, 24] , where the relevant parameters are complex structure modes of the elliptic three-fold that is fibered over B. The novelty is merely that among the parameters that must be so adjusted are the positions of branes.
Another obvious question raised by the presence of branes in these vacua is how the non-perturbative superpotential depends on the brane positions. We note that the nonperturbative superpotential generated by an instanton associated with a divisor Q should be expected to get no zero or pole from the motion of branes in the vacuum as long as those remain disjoint from Q. However, a singular behavior as one of the vacuum branes approaches Q might be expected, and would be well worth analyzing.
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